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1.0  INTRODUCTION 

VERSAT-2D is a software package consisting of three computer programs, namely, VERSAT-

2D Processor (the Processor), VERSAT-S2D and VERSAT-D2D.   

 

It is noted that these three components of VERSAT-2D function independently.  Interactions 

among them take place through data files saved in a Windows Explorer file folder.  A brief 

description for each program is provided below. 

 

VERSAT-2D Processor (the Processor) is a Windows based graphic interface program.  It 

serves as a pre and post processor for VERSAT-S2D and VERSAT-D2D.  The program is used 

to generate a finite element mesh, define soil zones, assign material properties, define boundary 

conditions, assign pressure loads, and generate input data for VERSAT-S2D & VERSAT-D2D.   

The program can also display and plot results from analyses such as stresses, displacements, 

accelerations, pore-water pressures, and a deformed mesh.  

 

VERSAT-S2D is a computer program for static 2D plane-strain finite element analyses of 

stresses, deformations, and soil-structure interactions.  The static analyses can be conducted 

using stress-strain constitutive relationships from linear elastic model to elastic perfectly plastic 

models, i.e., Mohr-Coulomb model or Von-Mises model.  The static loads are applied in a 

drained condition; each load application is assumed to be acting in a long time to fully dissipate 

any pore water pressures due to the load application.  This program can also be used to compute 

or determine static pre-existing stresses for use in a subsequent dynamic finite element analysis.  

Main features of VERSAT-S2D are: 

• Linear elastic model  

• Von-Mises failure criterion for CLAY type 

• Mohr-Coulomb failure criterion for CLAY, SILT and SAND types 

• Stress-level dependent stiffness (moduli G, B) that are strain-level independent prior to 

failure 

• External load applications 

• Staged construction by adding Layers (each Layer is a load application; so is a Run) 

• Staged excavation by removing Layers 

• Pore water pressure application 

• Calculation of stresses and deformations caused by strength-reduction of soils 

• Simulation of sheet pile wall and anchors  

• Updated Lagrangian analysis 

• Factors of safety calculation 
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• Gravity on and off  

• Calculation of pre-existing stresses for use in a dynamic analysis using VERSAT-D2D  

• 4-node, 6-node and 8-node solid elements to represent soils  

• 2-node line elements to represent sheet pile walls (beam) or anchors (bar/truss) 

• Use of any consistent units and sign conventions 

 

VERSAT-D2D is a computer program for dynamic 2D plane-strain finite element analyses of 

earth structures subjected to dynamic loads from earthquakes, machine vibration, waves or ice 

actions.  A dynamic analysis is always conducted in an undrained condition; dynamic loads 

(such as an earthquake ground shaking) are assumed to be one load application acting in a short 

time that does not dissipate any pore water pressures caused by the dynamic loads.  The dynamic 

analyses can be conducted using linear, or nonlinear, or nonlinear effective stress method of 

analysis.  The program can be used to study soil liquefaction, earthquake induced deformation 

and dynamic soil-structure interaction such as pile-supported bridges.  Main features of 

VERSAT-D2D are: 

• Application of horizontal, or horizontal and vertical, ground accelerations at a rigid base 

• Application of horizontal outcropping ground velocities at a viscous/elastic base  

• Application of a load-time-history at any nodal points 

• Global force equilibrium enforced at all time  

• Linear elastic model  

• Stress level dependent stiffness (moduli G, B)  

• Strain-level dependent shear modulus G 

✓ Non-linear hyperbolic stress-strain model for SAND type and CLAY type 

✓ Non-linear strain-softening model for SILT type 

• Mohr-Coulomb failure criterion for CLAY, SILT and SAND types  

• VERSAT-SAND Model for liquefaction analysis of sandy soils 

• VERSAT-SILT Model for liquefaction analysis of silty soils (new since 2016) 

• Effective Stress Method of analysis, including the effect of earthquake induced pore 

water pressure on soil strength and on soil stiffness 

• Calculation of ground deformations caused by soil liquefaction  

• Calculation of factor of safety against soil liquefaction or strain-softening 

• Simulation of sheet pile wall and anchors  

• Updated Lagrangian analysis  

• Gravity off for VERSAT-1D module  

• Free-field stress boundary 
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• 4-node solid elements to represent soils  

• 2-node line elements to represent sheet pile walls (beam) or anchors (bar/truss) 

• Use of any consistent units and sign conventions 

• Probabilistic Seismic Performance Analysis (PSPA) including subduction Interface (e.g., 

Magnitude 9 or M9) and Non-Interface (e.g., M7) earthquakes (new since 2018) 

• Local viscous damping (a, b) for stiff structures 
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FLOW CHART TO ILLUSTRATE TYPICAL STEPS IN A DYNAMIC ANALYSIS: 

Step 1:  

 

 

 

 

 

 

Step 2:  

 

 

 

 

 

 

Step 3: 

 

 

 

 

 

 

 

 

 

Step 4: 

 

 

 

 

 

 

 

 

VERSAT-2D Processor 

• Generate a finite element mesh (2D) 

• Define soil zones and material parameters 

• Define structural elements and parameters 

• Define boundary conditions, apply pressure loads 

• Generate input data for VERSAT-S2D or VERSAT-D2D 

VERSAT-S2D (drained analysis) 

• Conduct static stress analyses 

• Conduct static deformation analyses 

• Conduct static pore water pressure applications 

• Conduct static soil-structure interaction analyses 

• Determine pre-existing stresses 

 

 

VERSAT–D2D (undrained analysis) 

• Conduct dynamic linear analyses with or without gravity 

• Conduct dynamic nonlinear analyses of earth structures subjected to 

dynamic loads from earthquakes, machine vibration, waves or ice actions 

• Conduct dynamic nonlinear effective stresses analyses to determine soil 

liquefaction (SAND & SILT) and earthquake induced deformations 

• Conduct dynamic analyses of soil-structure interaction such as pile-

supported bridges 

 

VERSAT-2D Processor 

• View and print finite element mesh including node, element numbers 

• View and print soil material zones (Color printer required) 

• View and print results of stresses or displacements (peak and instant) 

• View and print acceleration values (peak and instant), if applicable 

• View and print analysis results of shear strains (peak and instant) or pore 

water pressure or factor of safety against liquefaction 

• View and print deformed mesh  

• Save graphics as image files (.emf, or .gif, or .jpeg etc) 
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2.0  VERSAT-S2D TECHNICAL MANUAL 

2.1  Introduction 

VERSAT-S2D is a computer program for static 2D plane-strain finite element analyses of 

stresses, deformations, and soil-structure interactions. 

2.2  Finite Element Formulation 

A continuous soil or rockfill mass is divided into many small areas (elements), no overlapping, 

no gaps/voids (except tunnels, or holes).    In an element, nodes are always located on the 

boundaries (not within), and nodes are numbered counterclockwise.     

There are three governing equations used in finite element analysis of solid continua: 

(1) Stress – Strain relationship (B=bulk modulus, G=shear modulus):   

 {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

} = [
𝐵 + 4𝐺/3 𝐵 − 2𝐺/3 0
𝐵 − 2/3𝐺 𝐵 + 4𝐺/3 0

0 0 𝐺

]  {


x


y

𝛾𝑥𝑦

} = [D] {𝜀} 

(2) Relationship between Displacements {
𝑢
𝑣
}  at any point within an element and Node 

Displacements at node points, {} = {
𝑢𝑖
𝑣𝑖
},  is defined by shape functions (geometry) 

N
i 
(x, y) with i =1 to 4: 

 {
𝑢
𝑣
} =  ∑ N

i
(x, y) {

𝑢𝑖
𝑣𝑖
}4

1          for a 4-node element shown in the sketch 

For a rectangular element with node 1 at (0,0) and two side length of a and b: 

N
1
(x,y) = (1- 

𝑥

𝑎
) (1- 

𝑦

𝑏
);         N

2
(x,y) = 

𝑥

𝑎
  (1- 

𝑦

𝑏
);   

N
3
(x,y) =  

𝑥

𝑎
  
𝑦

𝑏
;          N

4
(x,y) = (1- 

𝑥

𝑎
)  
𝑦

𝑏
;    

 

 

(3) Strain – Displacement relationship: 
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{


x


y

𝛾𝑥𝑦

} = 

{
 
 

 
 

𝜕𝑢

𝜕𝑥
𝜕𝑣

𝜕𝑦

𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥}
 
 

 
 

  = [B*] {} = 

[
 
 
 
 
𝜕𝑁

1
(𝑥,𝑦)

𝜕𝑥
0

𝜕𝑁
2
(𝑥,𝑦)

𝜕𝑥

0
𝜕𝑁

1
(𝑥,𝑦)

𝜕𝑦
0

𝜕𝑁
1
(𝑥,𝑦)

𝜕𝑦

𝜕𝑁
1
(𝑥,𝑦)

𝜕𝑥

𝜕𝑁
2
(𝑥,𝑦)

𝜕𝑦

0
𝜕𝑁

3
(𝑥,𝑦)

𝜕𝑥
0

𝜕𝑁
2
(𝑥,𝑦)

𝜕𝑦
0

𝜕𝑁
3
(𝑥,𝑦)

𝜕𝑦
…

     𝜕𝑁
2
(𝑥,𝑦)

𝜕𝑥

𝜕𝑁
3
(𝑥,𝑦)

𝜕𝑦

𝜕𝑁
3
(𝑥,𝑦)

𝜕𝑥 ]
 
 
 
 

{
𝑢1
𝑣1
⋮
} 

Apply the virtual work theory to derive force (external) – stress (internal) equilibrium: 

      {}
T

{F} =  ∬𝜀
𝑇

 𝜎 𝑑𝑥𝑑𝑦   = {}
T

 ∬[𝐵∗]
𝑇
𝜎 𝑑𝑥𝑑𝑦 

   {F} = ∬[𝐵∗]
𝑇𝜎 𝑑𝑥𝑑𝑦                                              

         {F} = ∬[𝐵∗]
𝑇[𝐷][𝐵∗] 𝑑𝑥𝑑𝑦 • {}             

[K] {} = {F}   

Where the stiffness matrix [K] is 

[K] = ∬[𝐵∗]
𝑇[𝐷][𝐵∗] 𝑑𝑥𝑑𝑦 integral over the element area;   

2.3  Linear Elastic Model 

Elastic materials obey linear elastic stress-strain relationships during loading, unloading, and 

reloading.  From the theory of elasticity for a 2D plane-strain problem, the stress and strain has a 

linear relationship as follows: 

[2.1] {σ} = [D] {ε} 

Where 

{σ} =  a stress vector consisting of {σx, σy, τxy}T; 

{ε} =  a strain vector consisting of {εx, εy, γxy} T;  

 [D] = a matrix of elasticity stiffness defined by shear modulus and bulk modulus of the material. 

 

The shear modulus, G, and the bulk modulus, B, are computed in the program using the 

following equations: 

 

[2.2] ag PKG •=  
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[2.3] 
ab PKB •=  

Where 

Pa = atmospheric pressure, 101.3 kPa 

Kb = bulk modulus constant 

Kg = shear modulus constant 

 

The Poisson's ratio, , and the Young's modulus, E, can be computed from G and B using: 

[2.4] 
GB

GB

26

23

+

−
=       &   

[2.5] GE •+= )1(2   

2.4  Plasticity Strength Models for Soil and Rock 

2.4.1  Mohr - Coulomb SAND Model 

The Mohr - Coulomb SAND Model is used to simulate material shear strengths that are 

functions of strength parameters as well as stresses induced by loading.  The strength parameters 

(c', ' for an effective stress analysis, or cu, u for a total stress analysis) for the model are 

normally derived from a Mohr – Coulomb stress diagram.   

Prior to yield, the stress-strain relationship for the SAND Model is linear elastic.  At yield, 

plastic irrecoverable deformation occurs.  The stress-strain relationship is then governed by the 

theory of plasticity.   

For analyses of drained loading conditions (or effective stress analyses of undrained loading 

conditions1), the stresses at yield are confined by 

[2.6] 'sin
2

)(
'cos'

2

3131 



 +

+•=
−

c  

Where 

1, 3 = current major and minor principal stresses, respectively; 

c', ' = cohesion and friction angle, respectively.  These are strength parameters from an 

effective stress envelope on the Mohr-Coulomb diagram, and they can be measured in 

consolidated-undrained (CU) tests with pore water pressure measurement or in 

consolidated-drained (CD) tests.  

 

For analyses of undrained loading conditions, strength parameters cu and u that are derived from 

a total stress envelope on the Mohr-Coulomb diagram should be used in equation (2.6). 

 

 
1 An effective stress analysis of undrained loading (i.e., saturated sands under earthquake loading) can be conducted in the 

dynamic analysis using VERSAT-D2D, but the method is not available in static analyses using VERSAT-S2D. 
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2.4.2  Von - Mises CLAY Model  

The Von - Mises CLAY Model is used to simulate material shear strengths that are functions of 

strength parameters and stresses prior to loading.  However, the strengths remain constant during 

loading.  This model can be used to simulate undrained  response of low-permeability soils such 

as clays or silts. 

 

Prior to yield, the stress-strain relationship is linear elastic.  At yield, plastic irrecoverable 

deformation occurs.  The stress-strain relationship is then governed by the theory of plasticity.  

The stresses at yield are confined by: 

[2.7] S=−+−+− 2

13

2

32

2

21 )()()(
6

1
  

Where 

1, 2, 3 = major, intermediate, and minor principal normal stresses, respectively; 

S  = the shear strength of soils prior to loading. 

 

In VERSAT-S2D2, the shear strengths (S) of the CLAY Model are computed using one of the 

following two options: 

➢ Option 1: S is a function of pre-load-application effective normal stresses; and 

➢ Option 2: S is a function of pre-load-application effective vertical stresses. 

Option 1: S is computed from  

[2.8]  sin)''(
2

1
cos yxcS ++•=  

Where 

x', y' = pre-load-application effective normal stresses in horizontal (X) and vertical (Y) 

directions, respectively 

c,  = cohesion and friction angle, respectively.  For analyses of undrained loading 

conditions, strength parameters cu and u that are derived from a total stress envelope on 

the Mohr-Coulomb diagram are normally used herein. 

 

The pre-load-application stresses are stresses just before a load application such as adding a new 

layer, applying new point loads or changing ground water conditions; and they are updated 

immediately after completion of this load application.  When constructing a multi-layer fill 

 

 
2 The two options are also used in VERSAT-D2D for computing the shear strengths of the CLAY Model. 
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embankment over saturated soft clays, for example, the pre-load-application stresses would be 

considered as the post-consolidation stresses at completion of consolidation from a previous 

layer of filling 

 

Option 2: S is computed from 

[2.9] '0vkcS •+=  

Where 

c, k = shear strength constants that would be derived from results of field vane shear tests or 

laboratory direct simple shear tests where horizontal stresses are not well defined; and 

vo' = pre-load-application effective vertical stresses (=y'). 

2.4.3  Shear Strength Models for Silts  

Shear strengths for silts are determined either using the Mohr–Coulomb SAND Model or Von-

Mises CLAY Model.  The following rules are applied for silts: 

➢ Use of parameters c and :  Mohr-Coulomb SAND Model with equation (2.6); or 

➢ Use of parameters c and k:  Von-Mises CLAY Model with equations (2.7) and (2.9). 

2.5  Stress Level Dependent Stiffness Parameters 

When the Mohr-Coulomb SAND Model or the Von-Mises CLAY Model is used, linear elastic 

shear modulus G and bulk modulus B are considered to be pre-load-application stress dependent: 

[2.10] m

a

m

ag
P

PKG )
'

(


=  

[2.11] n

a

m

ab
P

PKB )
'

(


=  

Where 

Pa = atmospheric pressure, e.g., 101.3 kPa 

Kb = bulk modulus constant 

Kg = shear modulus constant 

m, n = shear modulus exponential, and bulk modulus exponential, respectively 

m' = pre-load-application effective mean normal stress, and 

[2.12] )'''(
3

1
' zyxm  ++=  
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2.6 Bending Elements for Structural Members 

Beam elements are used to model the bending behavior of structural members such as beams, 

sheet piles or tunnel walls.  The bending stiffness of a beam element is given by 

[2.13]  


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Where  

E  = Young's modulus of the structural member (the beam), and E = KE*Pa ; 

I   = the bending moment of inertia of the beam per unit width3; 

L  = length of the beam element. 

The axial stiffness of the beam element is given by  

[2.14] K R
EA

LA b=  

Where: 

A = sectional area of the beam 

Rb = a reduction factor used to reduce the axial stiffness of the beam.  The use of a Rb value 

from 0 to 1 can simulate a variable degree of frictions between the structural members 

and the surrounding soils. 

The beam elements can be used to simulate approximately the bending behavior of one row or 

multiple rows of piles distributed in the direction perpendicular to the 2D XOY plane.  However,  

adjustments in structural properties would be needed since the piles, except a wall of sheet piles, 

do not form a continuous pile-wall in the direction perpendicular to the 2D XOY plane .   

Beam elements can be orientated in any direction within the 2D XOY plane. 

2.7  Spring Elements for Structural Members 

Linear elastic spring elements (truss/bar) can be used to model anchors, struts or shoring 

supports.  The axial stiffness of a spring (truss/bar) element is defined by 

 

 
3 For example, I=1/12*bh3 is for a rectangular section with a width of b and a height of h; and I=1/64* d4 (where 

=3.1416) is correct for a circular section having a diameter of d.  However, they would require some adjustments in 

a 2D plane-strain application (I2D=Ipile/s and Mpile = M2D * s, where s represents the spacing of piles in the 3rd 

direction and M represents bending moment). 
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[2.15] K
EA

LA =  

Where  

E  = Young's modulus of the structural members (the truss), and E = KE*Pa ; 

A  = sectional area of the truss; 

L   = the length of the truss element. 

Appropriate adjustments in structural properties would be needed when truss elements are used 

to model structural members, such as struts, that are not continuous in the direction perpendicular 

to the 2D XOY plane.  

The truss elements can be orientated in any direction within the 2D XOY plane. 

2.8  Pore Water Pressure and Effective Stresses 

In static analyses using VERSAT-S2D, pore water pressures induced by loading in a load 

application are not considered.  Instead, hydrostatic or steady state pore water pressures are 

assigned to soil elements using the following two methods: 

• Method 14:  An element is assigned to a water table or a phreatic surface. 

• Method 2:  An element is assigned to a non-zero pore water pressure value (e.g., from a 

piezometric line) or pore water pressure ratio, ru0;; 

The following rules are applied when using the above two methods: 

• Pore water pressure in an element is first calculated by the program using Method 1.  Any 

element that is located below the water table is assigned a pore-water pressure value 

equal to the hydrostatic water pressure at the element center calculated using the net 

pressure head in the vertical direction; 

• The pore water pressure in an element determined using Method 2, if it is not zero, would 

replace the value calculated using Method 1, i.e., Method 2 take precedence to Method 1. 

Therefore, Method 1 and Method 2 could be applied simultaneously to different zones of a finite 

element model to simulate various static pore water pressure conditions.  But, pore water 

pressures determined using Method 2 can’t be changed (i.e., constant) during a static analysis 

although the static analysis can contain several static runs, and each static run could consist of a 

few load applications.  However, a multi-run static analysis can have several water tables 

 

 
4    When the Option ywt0 > 0 is invoked in a large-strain static analysis or in a dynamic analysis, Method 1 (i.e., a water 

table) must be used to define the existing (or static) pore water pressures in the entire model; see User’s Manual Section 2.7 

for further details.  The use of ywt0 Option will erase all existing PWP assigned using Method 2. 
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because each static run can define its own water table.  For example, Method 1 can be used to 

simulate rising water tables in dams during initial reservoir water filling. 

When ru0 is specified, the pore water pressure in an element is computed by 

[2.16] '000 vuru •=   

Where 

u0 = static pore water pressure; 

vo' = pre-existing5 effective vertical stress at the element center; and 

ru0 = static pore water pressure ratio. 

Effective Stresses:  The normal stresses used in static analysis of VERSAT-S2D are effective 

stresses (σ′) calculated to be the total stresses (σ) subtracted by pore water pressures (u0) 

determined using Method 1 or Method 2 above, i.e., σ′ = σ - u0. 

2.9 Drained Static Analyses for Stresses and Deformations  

The static loads are applied in a drained condition; each load application is assumed to be acting 

in a long time to fully dissipate any pore water pressures due to the load application.  Some of 

the common static load applications are 

• Staged construction by adding Layers (i.e., turn On gravity), one Layer at a time; 

• Staged excavation by removing Layers, one Layer at a time; 

• Applying external non-gravity loads; 

• Change in hydrostatic or steady state pore water pressures; 

• Calculation of stresses and deformations due to strength-reduction of soils; 

• Calculation of pre-existing stresses for use in a dynamic analysis using VERSAT-D2D; 

this would be the end results of all above load applications. 

This program can also be used to compute or determine static pre-existing stresses for use in a 

subsequent dynamic finite element analysis 

When the Mohr-Coulomb SAND Model or the Von-Mises CLAY Model is used, the program 

checks the state of current stresses against the corresponding yield condition.  Compatibility 

between stresses and the yield condition is always maintained throughout the analysis.   

 

 
5 .   In VERSAT-2D static and dynamic analyses, pre-existing stresses are always obtained from an input file with an 

extension of PRX, which contains model stresses computed from a previous static analysis and saved (in an output file with 

an extension of PR4) for a subsequent static analysis or for a dynamic analysis.  The PR4 file is then renamed as PRX file. 
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An example of stresses and deformations caused by strength-reduction of soils is the reduction of 

peak static shear strength to the post-liquefaction residual strength after a major earthquake.  

This is done by assigning a new set of soil parameters with the reduced shear strengths in a new 

Run. 

2.10 Updated Lagrangian Analysis 

The geometry of a mesh is continuously updated during the calculation when the updated 

Lagrangian analysis is chosen.  This option is provided for solving problems involving large 

strain deformations. 

2.11 Factors of Safety 

Factor of safety, fos, against shear failure is calculated by the program for each soil element 

using the following equation: 

[2.17]  
max

S
fos =  

Where  

τmax = maximum shear stress in the element; and 

[2.18]  
22

max )(
4

1
xyxy  +−=  

Where 

x, y = normal stresses in horizontal (X) and vertical (Y) directions, respectively;  

xy = current shear stress in the XoY plane. 

S = shear strength.  For CLAY Model, S is defined in equation (2.7); for SAND Model, S is 

equal to the right-hand side of equation (2.6), i.e.  

[2.19]  'sin
2

)(
'cos' 31 




+
+•= cS  

2.12 Gravity On and Off  

Normally gravity force is always set On and acting downward in the model.  In the absence of 

external nodal loads (i.e., non-gravity forces), force equilibrium is maintained between gravity 

force and internal force consisting of soil effective stresses and pore water pressures. With 

external loads, stresses are recalculated to balance the non-gravity forces. 

It is recommended that gravity forces are applied in Layers.  The stress dependent moduli (G, B) 

are updated at the start of a new Layer, using the stresses with all previous Layers. So are the 

stress dependent shear strengths in Equations [2.8] and [2.9]. 
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Gravity force can be set Off for analyses of structures not involving gravity.  This also applies to 

dynamic analyses using VERSAT-D2D. 

2.13 Units and Signs 

The program accepts any consistent units.   The two more commonly used unit systems are 

metric units and imperial units.  In metric units, the length is expressed in meter, acceleration in 

m/s2, and pressure in kilopascal (kPA).   In imperial unit, the length is expressed in feet, 

acceleration in ft/s2, and pressure in pound (lb) per square feet (psf).  Examples of consistent 

units are shown in the following table. 

Property  Units  Metric   Imperial 

Geometry  L  metres  feet 

Water Unit Weight F/L3  kN/m3  pcf 

Soil Unit Weight F/L3  kN/m3  pcf 

Cohesion  F/L2  kPa  pcf 

Pressure  F/L2  kPa  psf 

Force F  kN  lb 

E (modulus)  F/L2  kPa  psf 

The gravity acceleration, unit weight of water and the atmospheric pressure must be entered 

correctly for whichever system of units you may have chosen.  These parameters are used 

throughout the analysis.   

In the program, tensile stress is considered positive; compressive stress is negative.  Pore water 

pressure is considered positive. 
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3.0  VERSAT-D2D TECHNICAL MANUAL 

VERSAT-D2D is a computer program for dynamic 2D plane-strain finite element analyses of 

earth structures subjected to dynamic loads from earthquakes, machine vibration, waves or ice 

actions.  The dynamic analyses can be conducted using linear, or nonlinear, or nonlinear 

effective stress method of analysis.  The program can be used to study soil liquefaction, 

earthquake induced deformation and dynamic soil-structure interaction such as pile-supported 

bridges (Wu, 2001; Wu et al., 2006; Wu, 2010; BC Hydro 2010, 2012, 2013; Finn and Wu, 

2013; Sweeney and Yan, 2014; Wu, 2015) 

 

3.1  System Equations of Motions and Modal Frequencies 

 

3.1.1 Equations of Motions 

 

For the case of base acceleration input, displacements relative to the base are computed.  

Therefore, the relative displacements at the base are zero.  Inertial forces on the soil mass caused 

by base motions are computed using the Newton’s law, and base accelerations are used directly 

in the equations of motions.  The equations describing the incremental dynamic force 

equilibrium are given as 

[3.1] }{}]{[}]{[}]{[
2

2

PK
dt

d
C

dt

d
M =++ 


 

Where 

 [M]  = mass matrices 

 [C]  = viscous damping matrices 

 [K]  = tangent stiffness matrices 

 [Δδ] = incremental displacement matrices 

 [Δdδ/dt] = incremental velocity matrices 

 [Δd2δ/dt2] = incremental acceleration matrices 

 [ΔP] = incremental external load matrices 

 

3.1.2 Modal Frequencies and Periods 

  

The nonlinear dynamic analyses are conducted using the finite element method in the time 

domain; this method allows that eigenvalues and modal angular frequencies,        

and so on, of the entire system be computed at the time interval (specified by the user, e.g., 1.5 

sec used in Figure 1a for the example) using the following system equation:  

 

Where  
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[M] is mass matrix of the entire system, as in Eq. [3.1] and it is constant with time;  

[K] is the stiffness matrix of the entire system, but it varies with time as the soil modulus of each 

soil element varies with time and with the level of shaking intensity.   

The fundamental period (1st mode, T1 = 2/
1
) of a structure (such as an earthfill dam) and its 

variation during the duration of shaking (see Figure 1a) are often required in order to develop 

appropriate ground motion records for dynamic time history analysis of the structure.   

                 

Figure 1a Variations of 1st and the 5th Modal Periods, computed by VERSAT-2D, with time of 

shaking for three ground motion records from the Chile Maule M8.8 Subduction Earthquakes 

3.2  Viscous Damping 

3.2.1 System Damping for Global Structure 
 

In a linear elastic analysis, system damping consists only of viscous damping.  In the analysis, 

viscous damping is assumed to be Rayleigh type and thus is computed by 

[3.2] [ ] [ ] [ ]C a M b K= +  

Where 

[3.3] a m= 2 1   

[3.4] b k= 2 1 /  

The total damping at the first mode, i.e. 1 is 

 

[3.5]      

Where 
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m = the mass proportional Raleigh damping (%) at first mode  

k = the stiffness proportional Raleigh damping (%) at first mode 

 

3.2.2 Viscous Damping for Local Structure 
 

Since Version 2019.10.3, the program allows viscous damping [C] be calculated for specified 

local materials, such as for concrete structures or steel sheet piles that have much higher natural 

frequencies than the soils.  This is accomplished by assigning material-related viscous damping 

constants (a & b) in Eqs. [3.3] and [3.4] based on the modal frequency ω1 of the local structures 

of interest. 

 

3.3  Linear Elastic Model 

Elastic materials obey linear elastic stress-strain relationships during loading, unloading, and 

reloading.  From the theory of elasticity for a 2D plane-strain problem, the stress and strain has a 

linear relationship as follows: 

[3.6] {σ} = [D] {ε} 

Where 

{σ} =  a stress vector consisting of {σx, σy, τxy}T; 

{ε} =  a strain vector consisting of {εx, εy, γxy} T,  where 

εx = dδx/dx;  εy = dδy/dy;    γxy =  dδx/dy + dδy/dx 

 [D] = a matrix of elasticity stiffness defined by shear modulus and bulk modulus of the material. 

The shear modulus, G, and the bulk modulus, B, are computed in the program using the 

following equations: 

[3.7] ag PKG •=  

[3.8] 
ab PKB •=  

Where 

Pa = atmospheric pressure, 101.3 kPa 

Kb = bulk modulus constant 

Kg = shear modulus constant 
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3.4  Nonlinear Hyperbolic Stress - Strain Model 

3.4.1  Low - Strain Stiffness Parameters 
 

When the nonlinear hyperbolic stress – strain model is used, the low - strain shear modulus, 

Gmax, and the bulk modulus, B, are pre-existing stress level dependent and are computed as 

follows:     

[3.9] G K P
Pg a

m

a

m

max (
'
)=


 

[3.10] n

a

m

ab
P

PKB )
'

(


=  

Where 

Pa = atmospheric pressure, 101.3 kPa 

Kb = bulk modulus constant 

Kg = shear modulus constant 

m, n = shear modulus exponential, and bulk modulus exponential, respectively 

m' = pre-existing effective mean normal stress from the static analysis 

[3.11] )'''(
3

1
' zyxm  ++=  

It is noted that Gmax is also called the initial shear modulus of the hyperbolic stress – strain 

model; and it is quite different from the elastic shear modulus G in equations (2-10) which 

represents the secant shear modulus over the range of shear strains caused by static loading. 

3.4.2  Hyperbolic Shear Stress-Strain Model 
 

The relationship between shear stress, xy, and shear strain, , for an initial loading condition is 

assumed to be nonlinear and hyperbolic (Figure 1b) as follows: 

[3.12] 


 xy

ult

G

G
=

+ •

max

max / | |1
 

Where 

ult   =  ultimate shear stress in the hyperbolic model; 

Gmax = low-strain shear modulus; and Gmax = Vs
2 with  being the soil density and Vs being the 

shear wave velocity. 

 

The Masing criterion has been used to simulate the shear stress-strain relationship during 

unloading and reloading.  A detailed description about this non-linear stress-strain model can be 
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found in Finn et al. (1977).  The extended application of Masing criterion to irregular loading 

such as earthquake loading was also presented by Finn et al. (1977).   

 

Figure 1b Typical hyperbolic shear stress-strain histories showing hysteresis loops 

3.4.3   Determination of Ultimate Shear Stress 

The ultimate shear stress in equation [3.12] is determined using one of the following two options: 

➢ Option 1: ult is the shear strength at start of dynamic loading; or 

➢ Option 2: ult is proportional to the initial shear modulus Gmax. 

Option 1:  ult is taken as f  

[3.13]  fult  =  

Where 

f = shear strength at start of dynamic loading.  The equations presented in Section 

3.7 for computing shear strengths for SAND Model and CLAY Model are applied 

with pre-existing normal stresses being used in these equations. 

Option 2:  ult is computed from 

[3.14]  
f

ult
R

Gmax=  

Where 

Rf = a modulus reduction factor. 

Input of a non-zero value of Rf for a material number triggers the use of equation [3.14], 

instead of equation [3.13], for computing the ultimate shear stresses for soil elements 

having this material number, unless ult computed from equation [3.14] is less than from 

equation [3.13].  The use of equation [3.14] attempts to match a reduction curve of shear 
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modulus versus shear strain at a strain range of interest by selecting an appropriate value 

of Rf (Figure 2). 

In a total-stress nonlinear analysis, the ultimate shear stresses computed using the above 

described procedures are used directly and their values remain unchanged, for SAND Model or 

CLAY Model, during dynamic loading.  However, in an effective stress nonlinear analysis, the 

effect of dynamic pore water pressure on soil stiffness, i.e. initial shear modulus and ultimate 

shear stresses, is also considered for the SAND Model (see Section 3.6.3). 

3.4.4  Hysteretic Damping in a Hyperbolic Model 

In a nonlinear analysis, the hysteretic damping is inherently included by following the nonlinear 

hysteresis loop of shear stress-strain response.  The Masing criterion used in the hyperbolic 

model during unloading and reloading provides hysteretic damping as shown in Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 Secant shear modulus and damping ratios for various values of Rf in a hyperbolic stress 

– strain model (after Wu, 2001)  
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During a nonlinear analysis, the viscous damping, which is also of Rayleigh type as in a linear 

analysis, is used to control any high frequency oscillations in response that may arise from 

numerical integration. 

3.5  SAND Model - Dynamic Pore Water Pressure Models 

In a Non-linear Effective Stress analysis using VERSTA-2D, the PWP and the effective stresses 

(and associated effective shear strengths) in soil elements are updated with time regardless of 

which PWP models being adopted.   

Once liquefaction is triggered the post-liquefaction residual strength (undrained strength, explicit 

parameters input by the user) of the soil is applied and kept constant from the time of triggering. 

3.5.1  Introduction 
 

An effective stress analysis takes into account the effect of dynamic pore water pressures on 

dynamic response of sands or silts.  The following rules are applied regarding generation of 

dynamic pore water pressures: 

• SAND Model can develop dynamic pore water pressure;  

• CLAY Model would not develop dynamic pore water pressures. 

Dynamic pore water pressures are caused by plastic deformations in the sand skeleton and persist 

until dissipated by drainage or diffusion.  They have a great impact on the strength and stiffness 

of the sandy soils and should be taken into account in the analysis. 

The dynamic pore water pressures modelled by the program will show a steady accumulation of 

pressure with time but will not show a fluctuation of pressure caused by a change in transient 

mean normal stress.  The transient pressures are balanced by the mean normal stresses and have 

little effect on stability and deformability of soils.  Therefore the transient pore water pressures 

are not modelled in the analysis. 

The increments in pore water pressure u that develop in saturated soils under seismic shear 

strains are related to the plastic volumetric strain increments, v
p, that occur in the same soil 

under drained conditions with the same shear strain history.  For saturated sandy soils in an 

undrained condition, water may be assumed to be effectively incompressible compared to the 

soil skeleton.  Thus under a condition of zero-volume change, Martin et al. (1975) proposed the 

following relationship for computing the dynamic pore water pressure increment u 

[3.15]   u Er v

p= •   

Where 

v
p = Plastic volumetric strain increment accumulated during a period of strain history 
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u = Dynamic pore water pressure increment corresponding to the plastic volumetric strain 

increment v
p 

Er  = Rebound modulus of the soil skeleton corresponding to the current effective vertical 

stress.  

 

Three models are available for computing dynamic pore water pressures in sands and silts.  The 

first model was developed by Martin-Finn-Seed (MFS) in 1975. The second model is a 

modification of the MFS model proposed by Wu (1996).  These two models calculate the 

dynamic pore water pressures using the rebound modulus and the plastic volumetric strain, i.e., 

using equation [3.15].  The third model was developed by Seed et al. (1976) who determined the 

dynamic pore water pressures based on the number of cyclic shear stresses. 

3.5.2  Plastic Volumetric Strain 

 

Under a drained simple shear condition, the volumetric strain increment v
p is a function of the 

total accumulated volumetric strain v
p and the amplitude of the current shear strain .  Byrne 

(1991) modified the original MFS model (Martin et al., 1975) and proposed the following 2-

parameter relationship: 

[3.16]  


v

p v

p

C Exp C= • −1 2( )  

 

The volumetric strain constants, C1 and C2, depend on the sand type and relative density of the 

sand. In practice these constants may be estimated using the relationships proposed by Byrne 

(1991) 

[3.17] C N1 1 60

1 2587= −. ( ) .   

[3.18] C
C2

1

0 4
=

.
 

Where  

(N1)60 = Standard Penetration Test (SPT) N values normalized to 60% standard hammer energy 

and an overburden stress of approximately 100 kPa. 

 

Under harmonic loads, the plastic volumetric strain increment, v
p, is usually accumulated at 

each cycle or at each half cycle of strain.  Under irregular earthquake loads, v
p may be 

accumulated at points of strain reversal.   

 

3.5.3  Martin-Finn-Seed’s Pore Water Pressure Model  
 

In the Martin-Finn-Seed (MFS) model, an analytical expression for the rebound modulus Er, at 

any effective stress level v', is given by Martin et al. (1975) as  
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[3.19] E
mKr

v

m

v

n m=

−

−

( ' )

( ' )





1

2 0

 

Where 

v0' = initial value of the effective stress 

K2, m, n = experimental constants derived from rebound tests (m=0.43 & n=0.62 are used in the 

program)  

 

3.5.4  Modified MFS Pore Water Pressure Model 
 

Wu (1996, 2001) proposed that the rebound modulus, Er, be determined using the current 

effective vertical stress v' as 

 

[3.20] E Mr v= • '   

Or 

[3.21] E M ur v= • −( ' ) 0
  

Where 

M    = rebound modulus constant 

v0' = initial effective vertical stress 

u    = current dynamic pore water pressure 

 

Determination of rebound modulus number is based on the volume-constant concept that there is 

a unique relationship between the relative density of sand and the amount of potential volumetric 

strain required to trigger initial liquefaction.  Ishihara and Yoshimine(1992) stated that " the 

volume change characteristics of sand during re-consolidation following the cyclic loading is 

uniquely correlated with the amount of developed pore water pressure, no matter what types of 

irregular loads are used, and irrespective of whether the irregular load is applied in one-direction 

or in multi-directional manner."  Their work strongly supports that at a specific relative density 

the sample will experience initial liquefaction if a certain amount of potential volumetric strain 

(referred as volume change during re-consolidation following the cyclic loading by Ishihara and 

Yoshimine) is developed in the sample.    

 

Relationships between pore water pressure ratio and plastic volumetric strain for various values 

of M are presented in Figures 3a and 3b.  The constant-volume pore water pressure model, or the 

modified MFS model, has been verified by Wu (1996) using test data by Bhatia (1980).  The 

computed pore water pressure response agrees well with the experimental response for sample of 

Dr = 45% to 60%. 

  



VERSAT-S2D and VERSAT-D2D Version 2021.06.09: Technical Manual  page 24 

 

 ______________________________________________________________________________ 
Wutec Geotechnical International, Canada (www.wutecgeo.com) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3a Relationship between plastic volumetric strain and number of shear strain cycles in the 

MFS pore water pressure model (after Wu, 1996, 2001) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3b Relationship between pore water pressure ratio (PPR) and plastic volumetric strain in 

the modified MFS pore water pressure model (after Wu, 1996, 2001) 
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3.5.5  Seed’s Pore Water Pressure Model 
 

Seed et al. (1976) proposed the following relationship (Figure 4) 

[3.22] 


 2

1

15
0 )arcsin(

2
'/

l

v
N

N
u =  

where  is an empirical constant; Nl is the number of uniform shear stress cycles which cause 

liquefaction6; and N15 is the equivalent number of uniform shear stress cycles, and 

 

[3.23] N15 =  N15(1) 

  

The following equation is used to convert shear stresses of irregular amplitudes to uniform shear 

stress cycles (Wu, 2001): 

[3.24] 














=

15

(1) 15  N
cyc

  

where 15 is the shear stress required to cause liquefaction in 15 cycles; 

cyc is cyclic shear stress of any amplitude;   

N15 (1) is the equivalent number of cycles corresponding to 15 for 1 cycle of  cyc; and 

 is a shear stress conversion constant.  

 

Figure 4 Pore water pressure ratios versus cycle ratios (after Seed et al., 1976) 

 

 
6 For an earthquake magnitude of 7.5, Nl of 15 is used by the program. 
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According to Wu (2001), the following two equations are used to relate the number of cycles to 

cause initial liquefaction at cyc, Ncyc, the magnitude correction factor, KM, and the number of 

representative cycles corresponding to earthquake magnitude, NM, as shown in Figure 5. 

[3.25] 





1

15

15














=

cyc

cyc

N
  

[3.26] 


1

15








=

M

M
N

K   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. (a) Normalized cyclic stress ratios. (b) Magnitude scaling factors for various values of 

α in equation (3.24) (after Wu, 2001) 
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The shear stress ratio to cause liquefaction in 15 cycles for an individual soil element at its own 

vertical and shear stresses, crr15 (or 15), is calculated using the following equation: 

[3.27]       or,    

Where the overburden stress correction, K, is made by the  factor using: 

[3.28] K= (Pa/v0')       

No lower limit is applied to K; but K is set by the program to 1.0 if K > 1.0 is calculated from 

the equation.  For example,   0.25 could be input according to Youd et al. (2001) for K. 

SPT blow counts corrected for overburden stress and hammer energy, (N1)60, can be used for 

determining the cyclic resistance ratio, CRR15, for sands (clean or with fines) at an effective 

vertical stress of /v0' = 1 tsf (i.e., about 101.3 kPa) using the modified Seed’s curve (Figure 6) 

recommended in Youd et al. (2001).   

 

Figure 6 Relationships between cyclic resistance ratio, CRR15 at /v0'=1tsf, and corrected SPT 

blow counts, (N1)60, normalized to approximately 100 kPa (after Youd et al., 2001) 
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When (N1)60 is selected as input by the user, then the program computes CRR15 = Max [0.05, 

0.011 * (N1)60] for (N1)60 < 25, and CRR15 = 0.275 + 0.045 * [(N1)60 - 25] for (N1)60 ≥ 25.  For 

example, CRR15 is calculated by the program to be 0.22 for (N1)60 = 20.  

For other cases, when (N1)60 is not available or the above equations are not applicable, CRR15 

can be specified by user as input, such as based on laboratory test results. 

The effect of static shear stress on cyclic resistance, K factor, is not directly taken into account 

in the calculation of 15 in equation [3.27], i.e., K=1.0 is used.  However, the K effect could be 

included by increasing (K>1.0) or decreasing (K<1.0) of CRR in equation [3.27] for zones 

with known K.  Laboratory cyclic tests on sands appear to indicate that K could be either 

greater or less than 1.0, depending on details of sands used in testing. 

3.6 Effective Stress Undrained Dynamic Analysis 

The effective stresses used in static analysis of VERSAT-S2D (see Section 2.7) include 

reduction of total normal stresses (σ) by static pore water pressures, u0.  The same concept of 

effective stress still applies in dynamic analysis of VERSAT-D2D.   

In addition, in an effective stress dynamic analysis, the effective stress (σ′) is further reduced by 

dynamic pore water pressures (u), i.e., σ′ = σ – u0 – u. 

 A dynamic effective stress analysis is conducted to accomplish the following tasks: 

 

1. Compute dynamic pore water pressures ( u ); 

2. Compute factors of safety against soil liquefaction or dynamic pore water pressure ratio; 

3. Compute effective stresses (σ′), and use σ′ and pore water pressures (u0 & u) in dynamic 

force equilibrium; 

4. Reduce soil stiffness and shear strength based on  u; 

5. Determine triggering of soil liquefaction based on u; 

6. Apply post-liquefaction stiffness and shear strength to liquefied soils; 

7. Compute ground displacements from cyclic volume change or consolidation of u. 

When a total stress nonlinear dynamic analysis is chosen and conducted, the program would 

carry out calculations for steps 1 and 2 above and output the results; but it would not carry out 

steps 3 to 7. 

 

An effective stress analysis would have no impact to response of CLAY Model as the CLAY 

Model does not generate dynamic pore water pressure.   
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3.6.1 Factors of Safety against Soil Liquefaction 

Factor of safety against soil liquefaction is calculated and reported in output by the program if 

Seed’s pore water pressure model is used for the calculation of dynamic pore water pressures.  

The factor of safety against liquefaction is defined by (Seed and Harder, 1990; Youd et al., 

2001): 

[3.29]  
cyc

liqFS


15=  

Using N15 and   as defined in equations [3.23] and [3.24], the factor of safety can be further 

calculated using the following equation: 

[3.30]  

1

15

)
15

(
N

FSliq =  

VERSAT-2D dynamic analysis is always for undrained condition (i.e., PWP does not dissipate 

during shaking), and thus FSliq always decreases during shaking.  However, the program can stop 

generating PWP at a time specified by the user.  FSliq is calculated for each individual soil 

element and it is the lowest at the end of shaking.  FSliq is tracked and saved for result 

presentation only (not used in analysis), but the equivalent PWP is actually used by the program 

in the analysis.    

3.6.2 Dynamic Pore Water Pressure Ratio: ru 

Dynamic pore water pressure ratio, ru (or ppr), is calculated and reported in output (*.OUD) by 

the program when the MFS pore water pressure model or the modified MFS pore water pressure 

model is used.  In time history results, ru is always saved for all three pore water pressure models 

(Figure 7), including Seed’s model.   The ru is defined by: 

[3.31]  
'0v

u
ru


=  

u  = dynamic pore water pressure caused by earthquake loading; 

ru  = dynamic pore water pressure ratio (ppr = ru); liquefaction is triggered when ru ≥ 0.95. 

 

3.6.3  Reduction of Stiffness by Dynamic Pore Water Pressure 

In an effective stress analysis, the effect of u on soil stiffness is considered by reducing the initial 

shear modulus and ultimate shear stress (Figure 7) as follows: 

[3.32] G G
v

v

0

0

= max

'

'




  

[3.33]  


0

0

= ult

v

v
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Where 

G0  = the updated initial shear modulus for the hyperbolic model; 

0   = the updated ultimate shear stress for the hyperbolic model. 

The program would ensure that G0 and 0 are limited (i.e., not less than) by the respective values 

of post-liquefaction shear modulus and shear strength of the same soil.  In addition, 0 would also 

be limited by the current shear strength f of the soil element as determined in Section 3.7. 

3.6.4  Behavior of Liquefied Soils 

Liquefied soils are considered to have residual shear stiffness and residual shear strength.  In 

VERSAT-D2D, the shear strength ( liquS _ ) and the shear modulus (Gliq) of liquefied soil are 

defined using the following equations:  

[3.34] '0_ vliqliqliqu kcS +=  

[3.35] liquliq SG _g_liqK •=  

Where: 

cliq, kliq = shear strength constants of liquefied soils; 

Kg_liq = shear modulus constant of liquefied soils; and 

v0' = pre-existing effective vertical stress. 

The shear stress - strain relationship of liquefied soils is also modelled using a hyperbolic model 

(Figure 7) as described in Section 3.4.2.  Gliq and Su_liq are used as the initial modulus and the 

ultimate shear stress, respectively, in the hyperbolic model. 
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Figure 7 Shear Stress – Strain Curves for Liquefaction SAND Model  

3.7  Determination of Shear Strength and Maximum Shear Stress 

At each Gauss point in an element, current effective stresses are checked at each time step to 

ensure a stress state not violating the failure criterion, i.e., the maximum shear stress does not 

exceed the shear strength.  The Mohr-Coulomb SAND Model and the Constant Strength CLAY 

Model, normally used to define shear strengths for sands and clays, respectively, are presented 

below. 

3.7.1 Mohr-Coulomb SAND Model: 

[3.36]  


 sin
2

)(
cos

yx

f c
+

+•=  

Where 
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x, y = current normal stresses in horizontal (X) and vertical (Y) directions, respectively; 

c,  = cohesion and friction angle of the soils, respectively; 

The Mohr - Coulomb SAND Model is used to simulate material shear strengths that are 

functions of strength parameters as well as stresses induced by loading.   

In an effective stress dynamic analysis, the current effective stresses (σ′) are used in equation 

[3.36].  The shear strength of SAND Model would decrease as dynamic pore water pressure (u) 

builds up with time during dynamic loading. 

3.7.2 Constant Strength CLAY Model: 

In either a total stress or an effective stress dynamic analysis, the shear strength of Clay Model 

remains unchanged (constant) during dynamic loading, and it is a function of the strength 

parameters and the pre-existing stresses.   

The shear strength of the Clay Model is calculated by: 

[3.37a]  


 sin
2

)''(
cos

yx

f c
+

+•=  

[3.37b]  '0vf kc  +=  

Where 

c,  = cohesion and friction angle of the soils, respectively; 

c, k = shear strength constants that would be derived from results of field vane shear tests or 

laboratory direct simple shear tests where horizontal stresses are not well defined; 

x',y' = pre-existing effective horizontal (X) and vertical (Y) stresses, respectively; and 

 v0' = pre-existing effective vertical stress (v0'=y'). 

Equation [3.37a] is applicable to Clay Model using strength parameters of c and ; and equation 

[3.37b] is applied when strength parameters c and k are input. 

3.7.3 Maximum Static Plus Dynamic Shear Stress 

The maximum static plus dynamic shear stress, τmax, is calculated using 

[3.38a] 
22

max )(
4

1
xyxy  +−=  

Where 

x, y = current normal stresses in horizontal (X) and vertical (Y) directions, respectively;  

xy = current shear stress in the XoY plane. 
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3.7.4 Maximum Shear Strain  

In each time step of a dynamic analysis, the maximum shear strain, max, is calculated using: 

𝛾𝑚𝑎𝑥 =  √(𝜀𝑦 − 𝜀𝑥)
2
+ 𝛾𝑥𝑦2 

[3.38b]      

Where 

x, y = current normal strain in horizontal (X) and vertical (Y) directions, respectively. 

xy = current shear strain in the XoY plane. 

3.8 Bending Elements for Structural Members 

Beam elements are used to model the bending behavior of structural members such as sheet piles 

or tunnel walls.  The bending stiffness of a beam element is given by 

[3.39]   


















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−−−
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Where  

E  = Young's modulus of the structural member (the beam), and E = KE*Pa ; 

I   = the bending moment of inertia of the beam per unit width7; 

L  = length of the beam element. 

The axial stiffness of the beam element is given by  

[3.40]  K R
EA

LA b=  

Where: 

A = sectional area of the beam 

Rb = a reduction factor used to reduce the axial stiffness of the beam.  The use of a Rb value 

from 0 to 1 can simulate a variable degree of frictions between the structural members 

and the surrounding soils. 

 

 
7 For example, I=1/12*bh3 is for a rectangular section with a width of b and a height of h; and I=1/64* d4 (where 

=3.1416) is correct for a circular section having a diameter of d.  However, they would require some adjustments in 

a 2D plane-strain application (I2D=Ipile/s and Mpile = M2D * s, where s represents the spacing of piles in the 3rd 

direction and M represents bending moment). 
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The beam elements can be used to simulate approximately the bending behavior of one row or 

multiple rows of piles distributed in the direction perpendicular to the 2D XOY plane.  However, 

appropriate adjustments in structural properties would be needed since the piles do not form a 

continuous pile-wall in the direction perpendicular to the 2D XOY plane.  Only a sheet pile wall 

does.   

Beam elements can be orientated in any direction within the 2D XOY plane. 

The bending moment, M, and shear force, Q, at the center of a beam element are computed by 

the program.  The shear force within a finite beam element is constant. The bending moment at 

the first node (Mi) and at the second node (Mj) can be calculated using the following equations: 

[3.41a]  Mi = M – 0.5 Q L 

[3.41b]  Mj = M + 0.5 Q L 

3.9 Spring Elements for Structural Truss or Bar 

Elastic truss elements, or spring/bar elements, can be used to model anchors, struts or shoring 

supports.  The axial stiffness of a truss element is defined by 

[3.42] K
EA

LA =  

Where  

E  = Young's modulus of the structural members (the truss), and E = KE*Pa ; 

A  = sectional area of the truss; 

L   = the length of the truss element. 

Appropriate adjustments in structural properties would be needed when truss elements are used 

to model structural members, such as struts, that are not continuous in the direction perpendicular 

to the 2D XOY plane.  

The truss elements can be orientated in any direction within the 2D XOY plane. 

 

3.10 Updated Lagrangian Analysis 

The geometry of a mesh is continuously updated during the calculation when the updated 

Lagrangian analysis is used.  This option is provided for solving problems involving large strain 

deformations. 

3.11 Gravity On and Off  

Normally gravity force is always acting downward in the model.  Dynamic force equilibrium is 

maintained including gravity force and internal force consisting of soil effective stresses and 
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pore water pressures.  Gravity force can be set off for analyses of structures not involving 

gravity.   

 

3.12 Boundary Conditions 

In a dynamic analysis, three boundary conditions are available: 

• Fixed boundary, 

• Free-field stress boundary, 

• Constrained displacement boundary, and 

• Viscous boundary (see Section 4 for more details). 

3.12.1  Fixed Boundary 
 

A fixed boundary consists of any nodes that are fixed (zero) in displacements for both X and Y 

directions.  For the case of base excitation, input motions are applied at the fixed boundary, and 

displacements relative to the fixed boundary are computed.  For a non-base-excitation case, 

absolute displacements at the fixed boundary are set to zero at all time. 

 

A fixed boundary, either at the base or along sides of a model, may cause wave/energy reflection 

at the boundary.  Therefore, a fixed boundary should be applied far away from the area of 

interest so that soil material damping is sufficient to absorb any energy reflected back from the 

boundary.   

 

3.12.2  Free-Field Stress Boundary 

 

The free-field stress boundary, with a fixed Y-displacement and a free X-displacement, is 

designed to approximately model the response of side (lateral) boundaries when they are not 

placed sufficient far away from area of interest.  The free-field stresses, including horizontal 

normal stress (σx) and the shear stress τxy, are applied on the boundary and updated during the 

dynamic analysis. 

3.12.3  Constrained Displacement Boundary 

Constrained displacement boundary consists of nodes with a fixed Y-displacement and a free X-

displacement but without applying free-field stress on the boundary.  This boundary condition 

may be used to reduce wave/energy reflection from the lateral boundary for dynamic analyses 

not involving gravity force.  Use of this boundary condition with gravity on may result in 

collapse at the side boundary. 
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3.13 Dynamic Point Loads 

For problems not involving earthquake loading, dynamic loads can be applied at any nodes using 

the degrees of freedom associated with a node number, i.e., nldof.  The degrees of freedom 

associated with a node can be found in the output file for geometry data, i.e., a file with an 

extension of OUG. 

3.14 Dynamic Analysis of 1D Soil Columns 

 Refer to Section 4.6 in the VERSAT-2D Vol. 2 User Manual for details. 

3.15 Units and Signs 

This section is the same as Section 2.12. 

3.16 Dynamic Analysis of Upper San Fernando Dam under 1971 Earthquake 

The 2017 refined model is shown below; see Appendix B and also in “Ex_d2017_USF-Dam_2704-Elem” 

in VERSAT-2D_2019_Examples for detailed analysis input files and results. 
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4.0 Advanced Options for VERSAT-2D Dynamic Analysis 

Advanced options for dynamic analysis, including the Outcropping Velocity Input Option and 

the SILT Model Option, are made available in VERSAT-2D since 2011.   

 

4.1 Outcropping Velocity Input 

4.1.1  Equation of Motions and its Formulations 

For a finite element model having an elastic base instead of a rigid base, outcropping velocity 

time histories are applied directly at the base of the model through a viscous boundary (i.e., 

energy absorbing boundary or elastic base boundary).  The viscous boundary developed by 

Lysmer and Kuhlemeyer (1969) is used in VERSAT-2D, and it consists of viscous dashpots 

attached to the model base.  One dashpot is independently attached to one base node in the finite 

element model in the X direction (i.e., the shear direction).  The viscous boundary is fixed to zero 

displacement in the Y direction (i.e., the normal direction). 

 

The equation of motions (equation [3.1]) presented for models with acceleration input is also 

applicable for models with velocity input, and the equation is rewritten as follows: 

 

[4.1] }{}]{[}]{[}]{[ PKvCaM =++   

Where 

 [M]  = mass matrices 

 [C]  = viscous damping matrices 

 [K]  = tangent stiffness matrices 

 [Δδ] = incremental displacement matrices 

 [Δv] = incremental velocity matrices 

 [Δa] = incremental acceleration matrices 

 [ΔP] = incremental external load matrices 

 

However, constitution of the equation of motions is quite different for the two types of ground 

motion input.  Firstly, displacement (also velocity and acceleration) at the model base with 

acceleration input is known and equal to the input motions.  The ground motion (displacement, 

velocity and acceleration) at the viscous boundary with the velocity input are the within motions 

to be determined by the analysis.  Secondly, the calculation of external load matrix [ΔP] is also 

different for the two input motion methods.  With acceleration input at the rigid base, 

incremental inertial forces on the soil mass caused by base accelerations are computed using the 

Newton’s law and applied as [ΔP]. With the velocity input at the elastic base, incremental shear 

forces at the base nodes are determined and applied as [ΔP]. 
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The method of Joyner and Chen (1975) for including the effect of finite rigidity of the base 

material on shear stress at the base is incorporated in VERSAT-2D.  The method basically 

evaluates the shear stress, τB, being transmitting across the base boundary between the soil 

deposit and the underlying elastic medium.  It is assumed that the propagating shear waves are 

plane waves traveling vertically. 

The elastic base model with the viscous boundary is presented in Figure 8.  The shear stress, τB, 

at the viscous boundary is determined by  

[4.2] )2( bIsbB vvV −=   

Where: 

ρb = mass density of the elastic base material, 

Vs = shear wave velocity of the elastic base material, 

vI = particle velocity at the boundary due to the incident shear wave, and 

vb = within particle velocity at the boundary. 

The particle velocity at the boundary, vb, together with displacement and acceleration at the 

boundary, is unknown and to be determined by the analysis.  Thus, equation [4.2] is divided into 

two components: 

[4.3a] osbBI vV =  

[4.3b] 
bsbBb vV −=  

Where 

vo = outcropping particle velocity of the elastic base material, and 

τB  = τBI + τBb. 

The shear force at ith node on the boundary, derived from equation [4.3a], is then applied as 

external load in equation [4.1], i.e.   

[4.4] osbii vVAP =   

Where 

Δvo = incremental outcropping particle velocity of the elastic base material, and 

Ai  = area of the base boundary represented by ith node. 

On the other hand, the shear force at ith node derived from equation [4.3b] is moved to the left 

side of equation [4.1].  The viscous damping constant, Ci, corresponding to the unknown 

boundary velocity vbi, is then determined to be 



VERSAT-S2D and VERSAT-D2D Version 2021.06.09: Technical Manual  page 39 

 

 ______________________________________________________________________________ 
Wutec Geotechnical International, Canada (www.wutecgeo.com) 

 

[4.5]  sbii VAC =  

The viscous damping constant, Ci, computed from equation [4.5] is directly added to the 

damping matrix [C] of equation [4.1] as an addition to the diagonal term corresponding to its 

boundary velocity vbi. 

The stiffness matrix [K] in equation [4.1] is not affected by the viscous boundary; the diagonal 

terms of the mass matrix [M] corresponding to the nodes on the viscous boundary are set to zero 

in the dynamic analysis.  

The velocity input option may be used to examine the influence of the rigidity of the underlying 

elastic medium on ground motions transmitting to the soil deposit.  The displacements, velocities 

and accelerations determined from this type of analysis are absolute, i.e., not relative to the base, 

for every node in the finite element model. 

The velocity input option in VERSAT-2D requires that the base boundary be horizontal and free-

field stress boundaries (if exist) be used for vertical side boundaries. 

 

 

 

 

Figure 8 Elastic base model with a viscous boundary  
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4.1.2  Traveling of Input Motion at the Viscous Base  
 

For acceleration input at the base, input motions (i.e., inertial forces) on the entire model must be 

applied at the same instance in time; however, for velocity input at the base, input velocity time 

history (i.e., shear forces) can be applied to a node on the viscous base starting at any specified 

instance in time. 

 

In VERSAT-2D, a simple method is used to simulate traveling of input motion at the viscous 

base.  The method assumes that the same velocity trace (time history) is applied to ith node on the 

viscous boundary at a time instance, ti, proportional to its distance to a user specified point, i.e. 

 

[4.6] 
wave

i
i

V

xx
t

|| 0−
=  

Where 

x0 = a user defined X coordinate where the velocity trace is applied at ti = 0;  

xi = the X coordinate of ith node on the viscous base; 

Vwave = speed of wave traveling along the viscous base. 

 

4.1.3  An Example Using Outcropping Velocity Input and Comparing with SHAKE 
 

Computed response for a 1D soil column (147.5 m high) with a rigid base are compared in 

Figure 9 with that for the same 1D column on an elastic base with a Vs of 100,000 m/s.  The 

analysis for the rigid base model is conducted by applying an acceleration time history of an 

input ground motion to the model; while a velocity time history of the input ground motion is 

used for the elastic base model. See “Ex_1D_Dyn_Elastic-vs-Rigid_base” in VERSAT-

2D_2019_Examples for detailed input and output files. 

As expected and shown on the top plot in Figure 9, computed absolute ground displacements at 

the base of the elastic model are practically identical to the displacement time history of the input 

ground motion (i.e., input displacement for the rigid base model) because of the very high shear 

velocity of the elastic base.  Furthermore, as shown on the bottom plot in Figure 9, absolute 

displacements at the top of the 1D column using the elastic base model (directly computed by the 

program)are also practically identical to those computed using the rigid base model.  Absolute 

displacement for a rigid base model is the summation of computed displacement (i.e., relative to 

the rigid base) and the input ground displacement at the base. 

The effects of an elastic base with Vs=450 m/s on ground response are illustrated in Figure 10, 

and the results are compared with analysis results from SHAKE (Schnabel et al. 1972).  At a 

low-moderate level of earthquake shaking, SHAKE equivalent linear approximation is able to 

produce very good representation of true soil nonlinear hysteresis behavior.  More details of this 

comparison are provided in Appendix A of this document (Ex_1D_Elastic-base_Compare-to-SHAKE).   
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Figure 9 Response of a 1D Soil Column: Acceleration versus outcropping velocity input 

 

Figure 10 Results of SHAKE & VERSAT-1D Soil Column with an elastic base, Vs=450 m/s 

Note:  Spectra shown are 

average using 7 input 

crustal earthquake 

motions, linearly scaled to 

a same target spectrum.  
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4.2 SILT Model - updated in v.2016.6.18 

4.2.1 Shear Stress - Strain Relationship for SILT Model 

VERSAT-2D simulates the shear stress-strain relationship for silts by simulating strain-softening 

response with increasing cycles of stress but hardening response within a particular stress cycle. 

When the pore water pressure ratio (ru) is less than the threshold value, ru_0, the hyperbolic 

stress-strain model as described in Section 3.4 is used. When ru exceeds the threshold value of 

ru_0, a strain-softening model is then used in the analysis (Finn and Wu, 2013; Wu 2015). 

The relationship between shear stress, xy, and shear strain, , for the hardening condition within 

a stress cycle, at ru, is assumed to be nonlinear and hyperbolic (see Figure 11) as follows: 

[4.7] 𝜏𝑥𝑦 = 
𝐺ℎ𝛾

1− |𝛾|/𝛾ℎ
  

[4.8]    𝐺ℎ = √1 − 𝑟𝑢𝐺𝑚𝑎𝑥 ∙  (0.1 − 0.075 𝑟𝑢) 

[4.9]  𝛾ℎ = 𝑀𝑎𝑥(0.05,   𝛾𝐻0 − 
𝜏𝑓0

𝑠𝑢_𝑙𝑖𝑞
) + 𝛾𝐻0 ∙ 𝑟𝑢 

 Where, 

Gh   = initial shear modulus of the hardening hyperbolic curve 

h   = ultimate shear strain (%) of the hardening hyperbolic curve  

 ru = pore water pressure ratio, calculated using Eq. [3.31] as for SAND Model 

f0 = the static shear strength (f) prior to shaking, i.e., at t = 0 

Su_liq  = post-liquefaction or residual shear strength, see Section 4.2.4 

H0 = input, shear strain (%) to trigger initial strain softening, typically 3.5 – 5% 

In the SILT Model, ru_0 and H0 are the two input parameters that should be assigned by the user. 

All other parameters are self-calculated by the program or defined elsewhere. 

H0 
 h (%) 

@ ru = 0 

h  (%) 

@ ru = 0.95 

3.5% 

1 2.5 6 

1.5 2 5.3 

3.5 0.05 3.4 

5.0% 

1  4 8.75 

3 2 6.75 

5 ** 0.05 4.8 

 ** Increasing from 1 to 5 shows ductile to brittle  
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The above empirical relationships were developed by fitting to data from laboratory cyclic tests 

on silts.  For either non-level ground conditions where static shear stress exists or for a level 

ground condition where st = 0, the ultimate strain (h) is always referenced from zero shear 

strains.   

 

4.2.2 Shear Strengths for SILT Model 

Shear strengths for the SILT Model are determined either using the Mohr–Coulomb SAND 

Model or Constant Strength Clay Model.  The following rules are applied: 

➢ Use of parameters c and :  Mohr-Coulomb SAND Model with equation (3.36); or 

➢ Use of parameters c and k:  Constant Strength CLAY Model with equation (3.37b). 

 

A comparison of features for the SAND Model and the SILT Model is presented in Table 1.  

 

4.2.3 Dynamic Pore Water Pressures and Liquefaction for SILT Model 

SILT Model can always develop dynamic pore water pressure, u, regardless of shear strength 

models adopted for the silts (see Table 1). 

 

The three dynamic pore water pressure models, developed for SAND Model and described in 

Section 3.5, are equally applicable for the SILT Model. 

 

For the SILT model, initial strain softening (or liquefaction) is triggered using one of the three 

criteria: 

 

• Cumulative dynamic pore water pressure ratio exceeds 0.95, i.e., ru  ≥ 0.95, or 

• Peak shear strain (xy) exceeds the threshold strain, H0, or 

• Peak shear stress (xy) exceeds the dynamic shear strength (where 
crr

15 is defined in Eq. 

[3.27] and  is the shear stress conversion constant in Section 3.5.5): 

[4.10]  xy > v0' • [
crr

15 • (15)1/ 

 

4.2.4 Post Liquefaction Simulation for SILT model 
 

Once initial strain softening is triggered, the shear strength of the silt is reduced gradually to 

Su_liq as the shear strain increases towards H.  The fraction of strength reduction is determined 

by the fraction of strain increment and a strength reduction factor (also called a fit factor, or 

sr_fac), an input parameter by the user.   

Fraction of strength reduction is calculated using an exponential function and 
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= (fraction of strain increment)sr_fac 

The fraction (0 – 1) of strength reduction is linear with the fraction (0 – 1) of strain increment 

when sr_fac = 1, and it becomes nonlinear when sr_fac > 1 (slow reduction) or when 0 < sr_fac < 1 

(fast reduction). 

The minimum strength of the liquefied silt, i.e., the residual strength is reached and then kept 

constant (Figure 11) when the shear strain reaches or exceeds H: 

[4.11]  Su_liq = cliq + kliq•σv0′ 

Su_liq  = the residual strength of the silt, also referred as Sur; 

H = shear strain xy (%), an input parameter, corresponding to the residual strength. 

Equation [4.7] is also used for stress – strain relationship of the silt after liquefaction.  The 

ultimate strain (h) is set to be 2 – 3.5%, and the initial shear modulus (Gh) of the hardening 

hyperbolic curve is set to be 2.5% of the shear modulus of the liquefied silt (Gliq in Eq. [3.35]):  

[4.12]  Gh = 0.025 * Gliq   

Gh = 2.5% • (Kg_liq• Su_liq)   (Kg_liq = 100 to 400 as for SAND Model) 

Table 1 Comparison of Features for SAND Model and SILT Model 

Features 
SAND Model 

(c, ) 

SILT Model 

parameters (c, ) parameters (c, k) 

Shear stress – strain 

Relationship 
hyperbolic 

Hyperbolic 

& strain-softening 

hyperbolic 

& strain-softening 

Dynamic pore 

water pressure, u 
Yes Yes Yes 

u in force  

equilibrium 
Yes Yes Yes 

Reduction  

of stiffness 
Yes Yes Yes (1) 

Shear strength prior 

to liquefaction, 

 f 
(2) 

f  = f(σ′, c, ) f  = f(σ′, c, ) f  =  c + k•σv0′ 

Reduced with u  Reduced with u No change with u  

Trigger  

of liquefaction 
Yes Yes Yes 

Trigger by strain No 
Yes 

When xy > H0 

Yes 

When xy > H0 

Post-liquefaction 

shear strength,  

Su_liq (or  Sur) 

Su_liq = cliq + kliq•σv0′ 
- Invoked at trigger 

   

Su_liq = cliq + kliq•σv0′ 

- Reduced from f  with xy  

invoked at xy ≥ H 

Su_liq = cliq + kliq•σv0′ 

- Reduced from f  with xy  

invoked at xy ≥ H 
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(1) In hyperbolic portion (i.e., for ru < ru_0), equations [3.32] and [3.33] are used (i.e., shear modulus is 

reduced as u increases.  When SILT model is invoked (i.e., for ru > ru_0), shear stiffness is governed by 

equations [4.8] and [4.9], and is also reduced as u increases. 
(2) σ′ = f(u), current effective stresses; σ0′ = pre-existing effective stresses  
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       Figure 11 Shear Stress – Strain Curves for Strain-Softening SILT Model 

 

 

4.3 Probabilistic Seismic Performance Analysis (PSPA) 

4.3.1 PSPA Method (version 2019.05 and later) 

In many cases, it is desirable to generate performance hazard curves (such as displacement 

hazard) for a structure located in an area with seismic hazard contributions from both the 

subduction Interface (e.g., Magnitude 9 or M9) and the Non-Interface (e.g., M7) crustal or 

subduction intra-slab earthquakes. 

To efficiently carry out the probabilistic approach, dynamic time-history analyses would be 

carried out in an automation setup where a set of ground motion records (such as 11 Interface 

records plus 11 Non-Interface records) can be applied automatically to one model at various 

levels of probability levels.  For instance, the same suite of ground motion records can be scaled 

linearly at different scale factors to simulate seismic hazards at 1/475-yr, 1/1000-yr, 1/2475-yr, 

1/5000-yr, 1/10,000-yr and 1/50,000-yr.  The procedure of automation was demonstrated in a 

technical article “Probabilistic approach to design of seismic upgrade to withstand both crustal 

and subduction earthquake sources” (Wu 2018), where a total of 264 dynamic analyses were 

conducted in about 3 days (24 hours a day) of computer time on a PC.   

Results of dynamic analyses (Wu 2018) for the Upper San Fernando (USF) dam, assumed to be 

relocated in Campbell River area of BC, indicated that displacement hazard contributions for all 

earthquake sources are dominated by the M9 Interface Event; and the earthquake magnitude (i.e., 

duration) has a much greater impact on seismic displacement than UHS.  

The analysis results in Figure 12 (after Wu 2018) also indicated that, at the dam crest the 

displacement hazard fractions at the 1/2475-yr level (AEF of 0.000404 or 4.04 x 10-4) consisted 

of the following:  

• 0.000371 or 3.71 x 10-4 from the Interface earthquake source, i.e., 1/2695-yr 
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• 0.000033 or 0.33 x 10-4 from Non-Interface earthquake source, i.e., 1/30,300-yr 

The above observation is significant.  It implies that for design of 1/2475-yr hazard level, the 

design ground motions would be developed to target at 1/2695-yr Interface spectra, or at 

1/30,300-yr Non-Interface spectra.  It is noted that the 1/2695-yr Interface spectral acceleration 

(Sa) is significantly (about 25%) lower than the 1/2475-yr UHS at T=0.015 sec, and it is still 

lower (for about 10%) at T=1.0 sec. 

Figure 12 Displacement Hazard Curves from the probabilistic analyses (after Wu 2018) 

 
 

4.3.2 Input and Output Files 

 

See Section 4.10 in “VERSAT-2D Volume 2:  USER MANUAL” for more instructions on how 

to perform the PSPA with one more input file. 

 

4.4 Use ICHANG=3 to Input Soil Strength by Element 

This function is available for version 2019.05 and later. 

In some cases, it is not sufficient to define strength of soils by using the soil material zone; the 

user may wish to input soil strength of an individual element based on its location or its in-situ 

shear and/or vertical stresses.  This can be achieved by using the “ICHANG=3” option. 

This “ICHANG=3” option is only valid in a dynamic analysis, i.e., not applicable to a static 

analysis.  Its functionality is the same as “Non-linear Effective Stress Analysis” or ICHANG=2. 

See Section 4.11 in the User Manual to learn how to invoke the option in VERSAT-2D 

Processor. 
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Appendix A:  Comparing 1D Soil Column Analyses: SHAKE and VERSAT-1D 

  



Comparison of Results from SHAKE and VERSAT-1D  

• 2.4 Example 2 – prepared in March 2018 
Comparison between SHAKE and 
VERSAT-1D at low-moderate level of 
earthquake shaking:    
 
1D soil column - MODEL 
 

2. Non-Linear 

1 March 2018            Dr. G. Wu 

(10,190) (-10,190) 



• 2.4 Example 2:  Comparison between SHAKE and VERSAT-1D at low-moderate level of 
earthquake shaking:  7 input crustal ground motions  
 

2. Non-Linear 

2 

Table 2.1 Meta Data of the Seven Crustal Earthquake Records 

Set Dir   N   dt Max.Accel. Max. Vel. Max. Disp. Arias Int. Duration
 points [sec] [g] [m/s] [m] [m/s] 5%-95%[sec]

7 Crustal EQ Records - Horizontal (X) and Vertical (Z)
1  X 6112 0.01 0.202 0.167 0.038 0.342 17.86
2  X 6382 0.01 0.131 0.082 0.041 0.562 33.7
3  X 5999 0.01 0.139 0.147 0.026 0.175 13.51
4  X 5673 0.005 0.125 0.131 0.071 0.408 21.98
5  X 7998 0.005 0.136 0.126 0.05 0.261 13.23
6  X 3107 0.01 0.106 0.087 0.017 0.183 9.08
7  X 1600 0.02 0.145 0.163 0.04 0.316 12.54
1  Z 6112 0 01 0 128 0 104 0 079 0 186 15 35

  
  
  
  
  
  

March 2018            Dr. G. Wu 

Comparison of Results from SHAKE and VERSAT-1D  



• 2.4 Example 2:  Comparison between SHAKE and VERSAT-1D at low-moderate level of 
earthquake shaking:  soil profiles and parameters 
 

2. Non-Linear 

3 

No.   Soil Layer Description 
Unit Weight 

(kN/m3) 
Shear Wave 

Velocity, Vs (m/s) 

1a 
Wet Loose to Compact Sand and Gravel 
(above water level) 

19.5 (a.wt) 160 

1b 
Saturated Loose to Compact Sand and 
Gravel (below water level) 

21.2 (b. wt) 300 

3 Compact Gravel to Gravel 21.2 400 

4 Very Stiff to Hard Clay and Silt 20.4 360 

5 Very Dense/Hard Silt and Sand 21.7 (“elastic base” input)  450 

Table 2.2  Soil Unit Weights and Shear Wave Velocities for SHAKE and VERSAT-1D  

 

Layer 
VERSAT-1D 
Soil Zone # 

Soil Layer Description Gmax (kPa) KG 
c 

(kPa) 
φ 
(°) 

Rf 

1a M1 
Wet Loose to Compact 
Sand and Gravel (a.wt) 

50887 502 0 3 1500 

1b M2 Saturated Layer 1a (b.wt) 194495 1920 0 35 1500 

3 M3 Compact Gravel to Gravel 345770 3413 0 35 1500 

4 M4 
Very Stiff to Hard Clay 
and Silt 

269505 2660 30 25 750 

Elastic base 
Very Dense/Hard Silt and 
Sand Elastic base, Vs = 450 m/s 

Table 2.3 Soil Stiffness and Strength Parameters for VERSAT-1D (viscous damping 0.5% for mass & stiffness) 

March 2018            Dr. G. Wu 

Comparison of Results from SHAKE and VERSAT-1D  



• 2.4 Example 2:  Comparison between SHAKE and VERSAT-1D at low-moderate level of 
earthquake shaking:   
G/Gmax and damping curves used in SHAKE analyses 
 

2. Non-Linear 

4 March 2018            Dr. G. Wu 

Comparison of Results from SHAKE and VERSAT-1D  



• 2.4 Example 2  Comparison between SHAKE and VERSAT-1D:   
RESULTS - at low-moderate level of earthquake shaking, SHAKE equivalent linear approximation is able to produce 
very good representation of true soil nonlinear hysteresis behavior 
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• 2.4 Example 2  Comparison between SHAKE and VERSAT-1D:   
RESULTS for average of 7 crustal EQ motions - at low-moderate level of earthquake shaking, SHAKE equivalent 
linear approximation is able to produce very good representation of true soil nonlinear hysteresis behavior. 
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Appendix B: VERSAT-2D Dynamic Analyses of Upper San Fernando Dam 

(see Volume 2 User Manual for Step-by-Step Preparation of the Model) 



Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.1   Case History Study by Finite Element Approach  

for Dynamic Analysis Of the Upper San Fernando Dam Under The 1971 San Fernando 

Earthquake: Pacoima Record (PGA 0.6g) (Wu 2001)  

 

• [1] Model creation: 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.1   Case History Study by Finite Element Approach Analysis Of Upper 

San Fernando Dam Under The 1971 San Fernando Earthquake 

• [1] Model creation: 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.1   Case History Study by Finite Element Approach Analysis Of Upper 

San Fernando Dam Under The 1971 San Fernando Earthquake 

 

• [2] Model creation: Assign soil unit or material zones 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.1   Case History Study by Finite Element Approach Analysis Of Upper 

San Fernando Dam Under The 1971 San Fernando Earthquake 

 

• [3] Define soil parameters, Adjust D/S layer thickness, Set RUNs (layers, water 

tables, etc.), boundary, water loads 

 

 

 

 

 

 

 

 

 

 

• [4] Run static analysis to obtain stresses with the existing dam 

     Input file: USF_4_FINAL.sta 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.1   Case History Study by Finite Element Approach Analysis Of Upper 

San Fernando Dam Under The 1971 San Fernando Earthquake 

 

• [5] Conduct the dynamic analysis: 

- setup the dynamic run in 5 minutes 

- Setup moduli and pwp parameters for dynamic 

- Create a text file for input ground motion 

- Save and run to completion in 15 minutes 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.2   Case History Study – Results Shown 

 

• [1] Factor of Safety Against Liquefaction using Seed’s PWP model 

 

     FOSliq < 1.0 is considered liquefied in earthquake 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.2   Case History Study – Results Shown 

• Horizontal (X) and Vert (Y) ground displacements (m) 
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Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.2   Case History Study – Results Shown  

2017 large model with 2835 Nodes and 2704 Elements 

 

Deformed Ground (RED) on original ground (black) with Seed’s PWP model 
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Note:  Feb. 2017 Computed displacements at Node points:  

N1150 (0.77 m,-0.52 m);  N1962(2.72m, -0.40m) with Seed’s PWP Model; 

N1150 (0.42 m,-0.44 m);  N1962(2.54m, -0.50m) using Wu(2001) PWP Model:  

Node 1150  

Node 1962 



Dynamic effective stress analysis using the 
finite element approach  by Dr.  G. Wu 

• 4.3 Results from Wu (2001) Small Model: 
678 nodes and 625 elements used in Wu (2001) model     The dynamic analysis results are 

robust, consistent between 2001 small and 2017 large model (2835 Nodes and 2704 Elements). 
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Wu, G. 2001. Earthquake induced deformation analyses of the Upper San Fernando dam 

under the 1971 San Fernando earthquake. Canadian Geotechnical Journal, 38: 1-15. 

Download Now  

2017 Large model at the edge (downstream crest): 

Node 1962: (2.72m, -0.4m) with Seed’s PWP Model 

Node 1962: (2.54m, -0.5m) with Wu (2001)  

PWP ,model 

http://www.wutecgeo.com/downloads/Wu_2001CGJ_USF.pdf

